Let X be a smooth projective variety over a field k ⊂ C. We define a coniveau filtration N -a priori different from the usual coniveau filtration N -on the singular cohomology of X with rational coefficients. If X satisfies the Lefschetz conjecture B, we prove that the projectors H * (X) → N j H i (X) → H * (X) are induced by algebraic correspondences. If moreover X is finite dimensional in the sense of Kimura (for example, X could be any abelian variety or any finite quotient thereof) the Chow motive of X admits a refined Chow-Künneth decomposition lifting the coniveau grading on the cohomology of X and we study the behavior of the Chow groups of X under this decomposition. As an application, we give several conjectural descriptions of the rational Chow groups of X depending on the support of the cohomology groups of X. We also consider the case where k is an arbitrary field. Results valid in characteristic zero extend to positive characteristic if one is ready to admit that the Lefschetz conjecture holds in general.
Introduction
Given a smooth projective variety X of dimension d over a field k, its cohomology ring is endowed with a coniveau filtration. Precisely, if H * denotes a fixed Weil cohomology theory over the field k (e.g. ℓ-adic cohomology H * (X× kk , Q ℓ ) with ℓ = char k or Betti cohomology H * (X(C), Q) if k ⊂ C), we define N j H i (X) to be the subgroup of H i (X) whose elements are supported in codimension j, that is those elements that come from H i Z (X) for some closed subset Z of X of codimension j via the natural map H i Z (X) → H i (X). There are strong links between the Chow group of a complex smooth projective variety X and the coniveau of its singular cohomology ring. Mumford [28] is the first to show that for a surface S, representability of the Chow group of 0-cycles of degree 0 implies that there are no global non-trivial holomorphic 2-forms on S, or equivalently that H 2 (X) is supported in codimension 1. Equivalently, if H 2 (S) is not supported in codimension one then the Chow group of 0-cycles is "huge" in the sense that it is bigger than an abelian variety. This was later generalized by Roitman [33] who proved that if CH 0 (X) hom is representable then the Hodge numbers h n,0 vanish for n ≥ 2. Bloch [7] made this more precise by conjecturing that conversely if a surface admits no global non-trivial holomorphic 2-form then its Chow group of 0-cycles should be representable. This is known as the Bloch conjecture and its generalization to varieties and cycles of higher dimension led to what is known now as the Bloch-Beilinson-Murre conjectures. These conjectures predict the existence of a canonical filtration on the Chow groups of smooth projective varieties and is related to the existence of a conjectural category of mixed motives, see [15] for a very nice survey.
Bloch and Srinivas [6] introduced the technique of "decomposition of the diagonal" which relies on the idea of looking at generic 0-cycles to give another proof of the MumfordRoitman theorem (see also Laterveer [23] and Paranjape [32] for other applications of this technique). Their proof actually shows that if CH 0 (X) hom is representable then H k (X) is supported in codimension 1 for k ≥ 2. The vanishing of the Hodge numbers h n,0 for n ≥ 2 then comes as a consequence. This already suggests that the coniveau filtration on cohomology is more important than the Hodge filtration F on cohomology, at least concerning the matter of understanding Chow groups. Note that however, there is another filtration -the Hodge coniveau filtration N H -which should agree with the coniveau filtration N by Grothendieck's generalized Hodge conjecture. The technique of decomposition of the diagonal was also used by Jannsen [15] and Esnault-Levine [9] to prove that injectivity of the rational cycle class map in all dimensions to singular cohomology (resp. to Deligne cohomology) implies its surjectivity and more precisely that H 2i (X) = N i H 2i (X) (resp. H 2i−1 (X) = N i−1 H 2i−1 (X)) for all i.
From now on, we switch to a covariant setting and we will write
where the second equality is the identification given by Poincaré duality (and forgetting the Tate twist).
The category of numerical motives over k with rational coefficients is a semi-simple abelian category. Returning to the coniveau filtration, it is then possible to define a coniveau filtration, still denoted N , on numerical motives. It has the important property of being canonically split.
The hard Lefschetz theorem states that any ample divisor L on X induces an isomorphism L i : H d+i (X) ≃ −→ H d−i (X). We say that X satisfies the Lefschetz conjecture and we write B(X) if for all i the inverse of L i is algebraic, i.e. if it is induced by an algebraic correspondence. It can be shown that B(X) does not depend on the choice of a polarization L on X, see [21, corollary 2.10] .
Kleiman [22, proved that B(X) implies that the weight decomposition H * (X) = 2d i=0 H i (X) is of motivic nature (we say the Künneth conjecture holds for X). This weight decomposition gives a decomposition of the homological motive of X, h hom (X) = i h hom i (X) and a fortiori a decomposition of the numerical motive of X, h num (X) = i h num i (X). This decomposition further decomposes as h num i (X) = j (X, π num i,j , 0) where (X, π num i,j , 0) := Gr j N h num i (X). This is called the refined Künneth decomposition for h num (X) (cf. §2). In the case numerical and homological equivalence agree, we will show that H * (N j h num i (X)) = N j H i (X). Actually, we will introduce a finer coniveau filtration denoted N which will appear more natural for our purposes. Just like the filtration N , this decreasing filtration N is defined both on the homology H i (X) (see §1.3) and on the weight i part h num i (X) of the numerical motive of X (assuming C(X), see §2.2) in a compatible way, meaning that if homological and numerical equivalence agree then H * ( N j h num i (X)) = N j H i (X) (see proposition 2.9). Moreover, the filtrations N ⊆ N agree if the Lefschetz conjecture holds for all smooth projective varieties. Assuming the Künneth conjecture for X, we set the projectorπ num i,j (a correspondence on X modulo numerical equivalence) to be such that Gr j e N h num i (X) is isomorphic to (X,π num i,j , 0). Suppose now that the base field k is a subfield of C and that H * is Betti homology. Then, assuming the Lefschetz conjecture for X only, we will even show that the projection maps H * (X) ։ N j H i (X) ֒→ H * (X) are induced by algebraic correspondences and that H * ( N j h num i (X)) = N j H i (X) (see §4.2). A feature of the characteristic zero case which is crucial is that, under B(X), the bilinear form Q :=< −, L i−d * − > on H i (X) induced by the choice of a polarization on X restricts to a non degenerate form on N j H i (X) and thus that the coniveau filtration N on H i (X) splits canonically with respect to the form Q, see proposition 3.4.
We are ready to state (see theorems In order to relate the coniveau filtration on cohomology to filtrations on Chow groups, it is natural to lift the refined Künneth decomposition of the numerical motive of X to a decomposition of the Chow motive of X, i.e. the motive of X for rational equivalence. A sufficient property X has to satisfy (in addition to the Künneth conjecture) in order to do this is that the Chow motive h(X) should be finite dimensional in the sense of Kimura. Indeed, under such an assumption, any orthogonal sum of idempotents modulo numerical equivalence lifts to an orthogonal sum of idempotents modulo rational equivalence. So, if h(X) is finite dimensional, then it admits a Chow-Künneth decomposition h(X) = 2d i=0 h i (X) lifting the Künneth decomposition of h num (X). Moreover, each h i (X) decomposes as j (X,π i,j , 0) withπ i,j a projector modulo rational equivalence liftingπ num i,j .
Theorem 2. Let X be a smooth projective variety of dimension d over a field k of characteristic zero whose Chow motive h(X) is finite dimensional. Assume the Lefschetz conjecture holds for X. Then the motive h(X) admits a refined Chow-Künneth decomposition
h(X) = (X,π i,j , 0) lifting the refined Künneth decomposition h num (X) = Gr j e N h num i (X) such that for any such decomposition 1.π i,j acts as 0 on CH l (X) Q if either l < j or l > i − j.
2.π i,j acts as 0 on CH l (X) Q if l = i − j and i < 2j. 
3.π i,j = 0 if and only if Gr
j e N H i (X, Q) = 0. 4. CH i (X) num,Q = Ker π 2i,i : CH i (X) Q → CH i (X) Q .
If k ⊂ C and if
It is known that any abelian variety is finite dimensional. Moreover, Lieberman proved in [25, 26] the Lefschetz conjecture for abelian varieties defined over a field of characteristic zero. Therefore, our theorem includes the case of all abelian varieties in characteristic 0. As a corollary, we get a result of Beauville [4] on the vanishing of the action of some Künneth projectors on the Chow groups of abelian varieties (cf. corollary 4.13). In [21, 2A11] Kleiman showed how Lieberman's arguments are algebraic in nature and proved the Lefschetz conjecture for abelian varieties in positive characteristic. Using this result and [19, 7.7 .4], we are able to extend Beauville's result to the positive characteristic case (remark 4.15).
The first three points in the theorem are consequences of theorem 1 together with standard results for finite dimensional motives (lemmas 1.13 and 1.14 and proposition 4.9). The proof of the two last points is based on the construction of explicit mutually orthogonal projectors Π 2i,i and Π 2i+1,i as done in [39] , see propositions 4.18 and 4.20.
As a consequence of our analysis of the refined Chow-Künneth decomposition for X, we get (see proposition 5.2) Theorem 3. Let X be a smooth projective complex variety satisfying the Lefschetz conjecture and whose Chow motive is finite dimensional. If i is an integer such that
Guletskii and Pedrini [12, Th. 7] proved this result in the case X is a surface and Voisin [43, Th. 3] proved it in the case i = 0 assuming the Hodge conjecture for all varieties.
Organization of the paper. We start with a section aimed at fixing the notations and gathering well-known results about filtrations on cohomology (the coniveau filtrations N and N as well as the Hodge coniveau filtration on Hodge structures), algebraic cycles and motives. It contains some easy preliminary results used in the rest of the paper.
In section 2, we define the coniveau filtration N on numerical motives and the coniveau filtration N on the weight i part h num i (X) of the numerical motive of a smooth projective variety X satisfying the Künneth conjecture. We show some first properties and give some sufficient conditions for them to coincide. We also give some sufficient conditions for them to be compatible with the corresponding filtrations on homology ( §2.3). We also explain how, admitting the Hodge conjecture, these filtrations give in characteristic zero a "motivic Hodge decomposition" of the numerical motive of X. Many results of this section can be found in [1, §8] and [19, §7] .
In section 3, we are interested in some duality properties of these coniveau filtrations both on cohomology and on numerical motives. In particular, we prove under B(X) that the Pincaré pairing
This reflects the greater flexibility that the filtration N has over the filtration N .
We are then ready to move on to prove theorems 1 and 2 in section 4. Paragraph 4.5 contains remarks on how the remaining refined Chow-Künneth projectors (i.e. those that don't act trivially on CH l (X) Q ) should act on CH l (X) Q .
Even if we do not get all the vanishing conjectures as stated by Murre [30] (see conjecture 1.12), we are able to draw several conditional consequences of these theorems in section 5. We show how -conjecturally -the vanishing of some graded pieces of the cohomology for the coniveau filtration implies injectivity of some cycle class maps and support of Chow groups in certain dimensions. In particular, we prove that Kimura's conjecture together with Grothendieck's generalized Hodge conjecture imply the generalized Bloch conjecture (proposition 5.2).
Conventions. All the schemes considered are separated schemes of finite type over a given field k. A variety is an irreducible and reduced scheme.
If X is a smooth projective variety over k we will write
• C(X) if X satisfies the Künneth conjecture.
• B(X) if X satisfies the Lefschetz conjecture.
• D(X) if numerical and homological equivalence agree for cycles on X.
We have the well-known implications
The implication D(X × X) ⇒ B(X) was proved by Smirnov [38] and is actually an equivalence in characteristic zero since then B(X) ⇒ D(X) ( [1, 5.4.2.2] ) and B(X) ⇒ B(X × X). The implication B(X) ⇒ C(X) is due to Kleiman [22] .
As already explained in the introduction, we will be constructing projectors in two different ways. One using the semi-simplicity of numerical motives and then lifting those projectors to projectors modulo a finer equivalence relation when permitted. Another one by constructing directly those projectors ( § §4.2, 5 and 6). This shows through in our notations.
Under the Künneth conjecture being true for X a smooth projective variety over any field k,
will denote a projector modulo numerical equivalence for the filtration N and precisely (X, π num i,j , 0) = Gr j N h num i (X) (the filtration splits canonically).
•π num i,j will denote a projector modulo numerical equivalence for the filtration N and precisely (X,π num
• The projectors π num i,j (resp.π num i,j ) lift uniquely up to isomorphism to mutually orthogonal projectors π hom i,j (resp.π hom i,j ) modulo homological equivalence (either Betti cohomology or ℓ-adic cohomology).
• In the case the Chow motive of X is finite dimensional, these projectors lift uniquely up to isomorphism to mutually orthogonal projectors modulo rational equivalence which we will write π i,j andπ i,j respectively.
If X is only assumed to be a smooth projective variety over a field k ⊂ C, then
1 Definitions and notations
Chow groups and pure motives
We assume the reader is familiar with the notion of pure motive as defined in [1] and [37] . We adopt a covariant setting for which we refer to [19] .
Let k be a field and V k be the category of smooth projective schemes over k. Let X be a d-dimensional smooth projective variety over k.
Weil cohomology theories. A Weil cohomology theory is a contravariant functor H * from the category of smooth projective varieties over k to the category of finite dimensional vector spaces over some field of characteristic zero satisfying certain properties. In particular it comes with a cycle class map and satisfies a Künneth formula and Poincaré duality. For a general definition, see [1, §3.3] . Concretely we will be considering two such theories, each of which satisfies the weak and the hard Lefschetz theorem. In this paper, we adopt a covariant point of view and will therefore consider the dual versions of such theories.
If k is a field of characteristic zero given with a fixed embedding k ⊂ C, H i (X) will denote the dual of the Betti cohomology group H i (X(C), Q). Such groups have additional structures, namely they come with a polarization.
If k has characteristic p > 0, we fix a prime number ℓ = p and H i (X) will denote the dual of the ℓ-adic cohomology group H i (X × kk , Q ℓ ) wherek is a separable closure of k. They come with an action of the Galois group of k which turns them into Gal(k)-modules.
Ignoring the Tate twists, these groups identify respectively to H 2d−i (X(C), Q) and H 2d−i (X × kk , Q ℓ ) via Poincaré duality.
Algebraic cycles and correspondences. An i-cycle on X is a formal sum with Z coefficients of closed subvarieties of X of dimension i. We denote by Z i (X) the group of dimension i cycles on X. Let ∼ be an adequate equivalence relation (cf [1, 3.1] ), which means that we can define a good intersection product on Z i (X) modulo ∼. The finest equivalence relation is rational equivalence and the coarsest is numerical equivalence.
Given a closed subvariety Z of dimension i in X, we have by purity H 2d−2i Z (X) ≃ Q or Q ℓ depending on the choice of cohomology theory. The cohomology class of Z is by definition the image of 1 under the map H 2d−2i Z (X) → H 2d−2i (X). Extending this map by linearity, we get a map Z i (X) → H 2d−2i (X) called the cycle class map. Two cycles will be said to be homologically equivalent if they have same image under the cycle map. It is then a fact that homological equivalence sits in between rational equivalence and numerical equivalence.
The homology class of a cycle a will be denoted a hom or sometimes with brackets [a]. We write Z ∼ i (X) for the group of i-cycles modulo ∼. The Chow group CH i (X) is defined to be Z rat i (X). We will often write the same way a closed subscheme Z of X and the cycle it represents : if Z is a closed subscheme of X of dimension i, let Z α denote its irreducible components and m α be the lengths of the local rings O Z,Zα , then the cycle Z is by definition the cycle α m α Z α . We write CH i (X) Q for CH i (X) ⊗ Q. It is also common to write CH i (X) ∼ for those cycles that are equivalent to zero for ∼. For example, CH i (X) hom consists of those i-cycles up to rational equivalence on X that are homologically trivial.
For X and Y in V k , the group of correspondences between them is
Composition of correspondences is given by the usual formula. If α ∈ Corr where for instance p X,Z denotes the projection map X × Y × Z → X × Z, cf e.g. [19] for more details on the covariant setting. Moreover, correspondences in Corr
and an action
It also induces a dual action Γ * on CH * (Y ) and on H * (Y ) which is equal to the action
Pure motives. A motive is a triple (X, p, n) with X a smooth projective variety over k, p a correspondence in Corr ∼ 0 (X × X) ⊗ Q which is an idempotent, i.e. satisfying p • p = p, and n is an integer called the Tate twist. The category of motives M ∼ for the adequate equivalence relation ∼ has such triples for objects and morphisms are given by
Let ∆ X denote the correspondence representing the diagonal in X × X. We also write it sometimes id X . Then, there is a functor V k → M ∼ that sends a variety X to the motive h(X) := (X, ∆ X , 0). A map f : X → Y is sent to the cycle Γ f representing the graph {(x, f (x)), x ∈ X} of f . The identity motive is 1 := (Spec k, id, 0).
The category M ∼ is a rigid ⊗-category. Tensor product is defined as follows (
If we are given a realization functor to a Weil cohomology theory these definitions of tensor product and duality are compatible with the notions of Künneth formula and Poincaré duality.
The motive L := (Spec k, id, 1) = 1(1) is called the Lefschetz motive and we have h(P 1 ) = 1 ⊕ L. Tensoring a motive M with the Lefschetz motive L then amounts to performing a Tate twist, M ⊗ L = M (1). The Lefschetz motive is invertible and in fact
Since rational equivalence is finer than homological equivalence, there is a functor M rat → M hom . A Chow motive is a motive for rational equivalence. A homological (or Grothendieck) motive is a motive for homological equivalence. Given a Chow motive M = (X, p, n), we will write M hom = (X, p hom , n) for its image under the above functor. Likewise, a numerical motive is a motive for numerical equivalence and we will write M num = (X, p num , n) for the motive M modulo numerical equivalence.
Hodge structures and polarizations
A Q-Hodge structure of weight n is a finite dimensional Q-vector space V Q together with a decreasing filtration
Let k denote a field of characteristic zero with a fixed embedding k ⊂ C. For X ∈ V k , we consider its Betti cohomology with rational coefficients H * (X(C), Q). It is naturally endowed with a Q-Hodge structure and we write H i,j (X) for
Because we adopt a covariant point of view, we will write everything in homology rather than in cohomology. In particular, if X has dimension d
and we have a Hodge decomposition for the homology groups of X :
h i,j denotes the Hodge number dim H i,j (X).
If we are given an ample line bundle L on X (which determines a projective embedding of X), the class of L in H 2d−2 (X, Q), still denoted L, is called a polarization for X. The hard Lefschetz theorem says that the polarization induces an isomorphism
Recall that there is a non degenerate pairing
defined for all i called Poincaré duality. Consequently, the bilinear form
. We then have the Lefschetz decomposition formula
The Hodge index theorem (see [42, §6.3.2] ) states that the Lefschetz decomposition of the complexification Proof. This is because the associated hermitian form on H ⊗ C remains non degenerate when restricted to the pieces K p,q of the Hodge decomposition of K ⊗ C.
Let p i,r denote the orthogonal projector
with respect to the polarization L. The pairing Q restricts to a non degenerate pairing on each pieces of the Lefschetz decomposition and we have 
Hence, Q i restricts to a non degenerate pairing on H.
Filtrations on cohomology
There are three decreasing filtrations on the cohomology ring of a smooth projective variety X over k each of which satisfy
The first two filtrations are of geometric origin while the third one can be defined for any Hodge structure.
The coniveau filtration N . This filtration is more naturally defined on cohomology.
The j th filtered piece of H i (X) will be denoted by N j H i (X). It is defined as follows.
where Z runs through all subschemes of X of codimension ≤ j, and f : Y → X runs through all morphisms from a smooth projective variety Y of pure dimension ≤ dim X − j to X. The last equality holds in characteristic zero under resolution of singularities by Hironaka. It holds in positive characteristic by de Jong's theorem on alterations, see Jannsen [13, 7.7] and [16, 6 .5] for more details. We then transcribe this definition in terms of homology and set
where the sum runs through all morphisms f : Y → X from a smooth projective variety Y of pure dimension ≤ i − j to X. In the case X is defined over a subfield of C, N j H i (X, Q) defines a sub-Hodge structure of H i (X, Q).
The coniveau filtration N . This filtration is more naturally defined in homology and will appear to be more natural in our framework. By the weak Lefschetz theorem, instead of considering varieties Y of dimension i − j, we can consider smooth linear sections Y ′ of Y of dimension i − 2j (or smooth intersections with sufficiently high degree hypersurfaces in the case the field k is finite). Such a section induces a surjection
which is induced by an algebraic correspondence if the Lefschetz conjecture holds for Y . We thus consider families of j-cycles parametrized by
where the union runs through all smooth projective varieties
It is then easy to see that Im Γ ′ * :
where the union runs through all smooth projective varieties Y ′ of dimension i − 2j and all correspondences Γ ∈ CH i−j (Y ′ × X) Q . By looking at a desingularization (or alteration) of the closure of the image of Y ′ inside X via Γ, we see that N ⊆ N.
Conjecturally, these two filtrations should agree : 
for all i and j.
Proof. Assume f : Y → X is a morphism of smooth projective varieties with dim Y = i − j and let Y ′ be a smooth linear section of Y of dimension i − 2j. Since we assume that Y satisfies the Lefschetz conjecture, there exists an algebraic correspondence inducing an isomorphism
The weak Lefschetz theorem asserts that the map
is induced by a correspondence Γ ∈ CH i−j (Y ′ × X) Q and maps onto the image of f * . This shows that under the assumption of the Lefschetz conjecture the filtration N coincides with the filtration N .
The Hodge coniveau filtration. A Hodge structure H is said to be effective if H i,j = 0 implies both i and j are ≥ 0. The Hodge structure H(k) is the Hodge structure for which 
It follows from the definitions that the filtration N is finer than the filtration N H , i.e.
and hence that the Hodge number h i,0 (X) is zero. We say that the homology group H i (X) is supported in dimension i − 1. In the case k is algebraically closed, the generalized Hodge conjecture predicts that these two filtrations should actually coincide, Conjecture 1.4 (Generalized Hodge Conjecture for X [11] , GHC(X) for short).
It is worth saying that in the geometric case, thanks to the existence of a polarization, the Hodge coniveau filtration is rationally split, i.e. there is a canonical decomposition
Moreover if the generalized Hodge conjecture holds, the form Q i =< L i−d −, − > induces the same splitting and the Poincaré pairing
is non degenerate. This is due to the fact that the GHC implies that N H = N and that the above pairing for N is non degenerate (proposition 3.5). In particular, under the GHC being true, we have for all i and j
The Hodge conjecture is a particular case of the generalized Hodge conjecture. It predicts that
for all integers i.
Properties. Let X be a smooth projective variety defined over a subfield of C. Then, we have for all 0 ≤ j ≤ i/2
The first inclusion is an equality if the Lefschetz conjecture holds and the second inclusion is an equality if the generalized Hodge conjecture holds for X. If the generalized Hodge conjecture holds in general, then the three filtrations agree. The Hodge structure H i (X, Q) is polarized. Thus, all three filtrations on H i (X, Q) split canonically with respect to the choice of a polarization on X.
In general, by the weak Lefschetz theorem we have
We also have
and more generally
Finally, in characteristic zero we always have
In positive characteristic, the equality
holds if the Tate conjecture is true for dimension 1 cycles or if the Lefschetz conjecture holds (we won't use this fact).
Finite-dimensionality and filtrations on Chow groups
Bloch conjectured [7] that reciprocally to Mumford's theorem, if a surface S has vanishing geometric genus, its Chow group of 0-cycles should be "finite dimensional" or equivalently supported on a curve drawn on the surface S. This idea was later generalized and led to the notion of BBM filtrations and later on to the notion of finite dimensionality.
Finite dimensionality. Recently, Kimura [20] and independently O'Sullivan came up with the idea that Chow motives should behave like super vector spaces in the same way cohomology does. We refer to Kimura's original article [20] as well as André's surveys [1] and [2] . The category of Chow motives is a pseudo-abelian rigid ⊗-category over Q. It is therefore possible to define, for any of its object M , the symmetric and exterior powers
, where s n = 1 n! σ∈Sn σ and λ n = 1 n! σ∈Sn ε σ σ are the required projectors in CH nd (X n × X n ) Q . We are now able to give the crucial definition. Definition 1.5. A motive M is said to be oddly (resp. evenly) finite dimensional if there exists an integer n such that S n M = 0 (resp. Λ n M = 0) Definition 1.6. A motive M is said to be finite dimensional if there exists a decomposition M = M + ⊕ M − , with M + evenly finite dimensional and M − oddly finite dimensional.
Such a decomposition if it exists is unique up to (non canonical) isomorphism. An important feature of finite dimensionality is the following Proposition 1.7 (Kimura [20] ). Finite dimensionality is stable under duality, direct sum, tensor product and direct factor. Consequently, the full, rigid and thick sub-⊗-category of M(k) generated by finite dimensional objects has all of its objects finite dimensional. In particular, since a dominant morphism f : X → Y realizes h(Y ) as a direct factor of h(X), we see that if h(X) is finite dimensional then so is h(Y ).
Important examples of motives of finite dimension are given by the motives of abelian varieties. The structure of the motive of an abelian motive was elucidated by Shermenev, Lieberman and Künneman. For an abelian variety A of dimension g over k there exists a unique decomposition h(A) = 2d 0 h i (A) such that for any integer n, multiplication by n on A induces multiplication by n i on h i (A). Moreover, the diagonal correspondence
In particular, we observe that S 2g+1 h 1 (A) = 0 and hence that h(A) is finite dimensional. Thus, the motive of an abelian variety is finite dimensional. Write M Ab (k) for the full rigid thick sub-⊗-category generated by the Artin motives and the motives of abelian varieties. This is called the category of motives of abelian type. Note that for a curve C, h 1 (C) is isomorphic to h 1 (J(C)) where J(C) stands for the Jacobian of C. Since every abelian variety is dominated by the Jacobian of a curve, the category M Ab (k) is generated (as a full, rigid and thick ⊗-subcategory) by the h 1 's of curves. In particular, any variety dominated by a product of curve is finite dimensional.
The notion of finite dimensionality has become unavoidable, partly because of the nilpotence property it implies (and this is the property we will be using all along the paper). Precisely, we have the following conjecture
This conjecture implies that the functor M rat → M hom is conservative. In particular, there should be no phantom objects, i.e. no non-trivial objects whose homology is zero. Voevodsky [40] and Voisin [41] independently proved that a correspondence f ∈ CH d (X × X) Q which is algebraically equivalent to 0 is nilpotent.
The nilpotence property above is also important for the following reason. Let M be a Chow motive and M hom its image in the category of homological motives. Let id = π hom 0 ⊕ · · · ⊕ π hom k be a decomposition of id M hom ∈ End(M hom ) into a sum of orthogonal idempotents. Then if the kernel of End(M ) → End(M hom ) is nilpotent, the decomposition lifts to a decomposition of id M : M → M into a sum of orthogonal idempotents cf. [15, Prop. 5.3] . Such a lift is not unique in general. However, given any two lifts {π i } and {π ′ i }, there exists a nilpotent correspondence n such that
This is summed up in the following. 
Any orthogonal sum of idempotents in

If the image of
f ∈ End(M ) is invertible in End(M ∼ ′ ) then so is f .
). Assume the Chow motive of the variety X is finite dimensional. Then the conjecture N(X) is true.
Thus, Kimura and O'Sullivan were led up to formulate the following
Conjecture 1.11 (Kimura-O'Sullivan). Every Chow motive is finite dimensional.
Finite dimensionality in the sense of Kimura has been related to other notions in the world of motives. Guletskii and Pedrini [12] proved that for a surface S with vanishing geometric genus the Bloch conjecture for S is equivalent to finite dimensionality for h(S). This result was also essentially proved by M. Saito in [35] . Building on results of Geisser [10] , Kahn proved that for motives over finite fields, the Kimura conjecture together with the strong Tate conjecture imply that rational and numerical equivalence agree, cf. [18] and also [17] for a more precise statement. Finally, André and Kahn [3] proved that assuming the standard conjectures the BBM conjectures imply the Kimura conjecture.
Filtration on Chow groups. It is conjectured that the Künneth projectors in homology are algebraic, i.e. that each projection map H * (X) → H i (X) → H * (X) should be induced by an algebraic correspondence π i ∈ CH d (X × X) Q . For X in V k , the Künneth conjecture implies that the homological motive of X decomposes as h hom (X) = i h hom i (X), where
The Künneth conjecture for X is implied by the Lefschetz conjecture for X (cf. [22] ) which itself is an obvious consequence of the Hodge conjecture for X × X. The Chow-Künneth conjecture for a d-dimensional X ∈ V k asserts that it should be possible to choose the correspondences π i for X to be pairwise orthogonal projectors with sum equal to id X modulo rational equivalence (and not just homological equivalence). The Chow-Künneth conjecture for X is implied by the Künneth conjecture for X together with the nilpotence conjecture for X [15, Proposition 5.3].
We can now formulate Murre's conjecture. This conjecture for all X ∈ V k is equivalent to the conjecture of Bloch-Beilinson for all X ∈ V k , see [15] . It has the advantage of not involving any functoriality properties. 
We finish this section by proving two lemmas which will be used later in the paper. These lemmas are to be compared with condition (C) of Murre's filtration. Lemma 1.13. Let X be a d-dimensional smooth projective variety whose Chow motive is finite dimensional in the sense of Kimura. Let π be a projector and γ be a correspondence in CH d (X × X) Q , both acting on CH * (X) Q . Let also S be a subset of Ker γ which is stabilized by all nilpotent correspondences in CH d (X × X) Q . Then, if π and γ have same homology class, S ⊆ Ker π.
Proof. Because X is supposed to be finite-dimensional in the sense of Kimura, by theorem 1.10, there exists a nilpotent correspondence n ∈ CH d (X × X) Q such that π = γ + n. Let N be the nilpotent index of n. Let x ∈ S ⊆ Ker γ. Then π(x) = (γ + n)(x). Therefore, π •N (x) = (γ + n) •N (x). By assumption n stabilizes S which is a subset of the kernel of γ. Moreover, n •N = 0. Hence π(x) = 0, that is x ∈ Ker π. Lemma 1.14. Let X be a d-dimensional smooth projective variety whose Chow motive is finite dimensional in the sense of Kimura. Let π and π ′ be two projectors in
Proof. The previous lemma shows that Ker π ′ ⊆ Ker π. By lemma 1.9, there exists a nilpotent correspondence n ∈ CH d (X ×X) Q such that π = (1+n)
(X) ∼,Q is in the kernel of γ for some l then this gives a subset S which is stabilized by all correspondences in CH d (X × X) Q (and a fortiori by all nilpotent correspondences). In light of lemma 1.14, if one is ready to assume the Künneth conjecture for X together with Kimura's conjecture for X then condition (C) of Murre's conjecture boils down to proving that each step of the filtration for a particular choice of Chow-Künneth projectors is preserved by the action of correspondences on X. More generally, assuming the Künneth conjecture and Kimura's conjecture for all smooth projective varieties, condition (C) of Murre's conjecture boils down to proving that each step of the filtration for a particular choice of Chow-Künneth projectors is preserved by the action of correspondences and hence defines an adequate equivalence relation in the sense of [1, 3.1.1.1].
Refined (Chow-)Künneth decompositions
Let X be a smooth projective variety satisfying the Künneth conjecture. In this section, we consider two filtrations N and N on the weighted components h num i (X) of the numerical motive of X and show how conjecturally they should coincide.
These filtrations are related to the same filtrations defined on the cohomology of X (see §1.3) and we explain under which assumptions they should be compatible. If the generalized Hodge conjecture holds then these filtrations give a Hodge coniveau filtration on the motive of X.
The filtration N
We refer to [19, §7.7] for this section, as well as the concise exposition of André [1, §8] concerning the coniveau filtration N on numerical motives.
1. Let M num (k) Q denote the category of pure motives over k for numerical equivalence. By a famous result of Jannsen [14] this category is abelian and semi-simple, meaning that any numerical motive decomposes as the sum of its isotypical components. Definition 2.1. A numerical motive M ∈ M num (k) Q is said to be effective if it is isomorphic to a motive of the form (X, π num , 0). In particular, any motive is a twisted form of an effective motive.
The notion of effectivity allows to define the notion of coniveau for numerical motives. Assume that homological and numerical equivalence agree for all smooth projective varieties. We will prove (proposition 2.9 together with proposition 2.5) that the coniveau filtration on the numerical motive of X is compatible with the coniveau filtration on cohomology (which is the reason why both filtrations are called N ):
3. If X satisfies the Künneth conjecture then the sign conjecture S(X) holds, i.e. the projection H * (X) ։ ⊕ i H 2i (X) ֒→ H * (X) is algebraic (and a fortiori the projection H * (X) ։ ⊕ i H 2i+1 (X) ֒→ H * (X)). As a consequence, the kernel of the map
is a nilpotent ideal (see [14, Corollary 1] as well as the discussion in [17, §2] ). Thus, by lemma 1.9, the refined Künneth decomposition of the numerical motive of X lifts to a refined Künneth decomposition of the homological motive of X which is unique up to non canonical isomorphism. We write
for such a decomposition.
4.
The finite dimensionality property for the Chow motive h(X) together with the assumption of C(X) imply that the kernel of the map End Mrat (X) → End Mnum (X) is a nilpotent ideal. This allows to lift the decomposition of the numerical motive h num (X) = (X, π num i,j , 0) into a decomposition h(X) = (X, π i,j , 0) of the Chow motive of X. We are thus able to state the following which is a slightly improved version of a result obtained by Kahn, Murre and Pedrini (besides the Lefschetz isomorphisms). The difference in our approach is that we don't need D(X × X) to hold since we work directly at the level of the numerical motive of X rather than at the level of the homological motive of X. 
For each i ∈ [0, 2d] there exists a further decomposition
In particular, the motives (X, π i,j , 0) are unique up to isomorphism.
The filtration N
1. Let X be a smooth projective variety satisfying C(X). Then, we define a decreasing filtration N on the numerical motive of X by the formula
where the sum runs through all smooth projective varieties Y with dim Y = i − 2j and all correspondences Γ ∈ Z num i−j (Y × X) Q . Remark that as for the case of the filtration N defined on cohomology ( §1.3), this sum coincides with the same sum but this time running through all smooth projective varieties Y of dimension i − 2j ′ with j ′ ≥ j and all correspondences Γ ∈ Z num i−j ′ (Y × X) Q . By semi-simplicity of End(h num (X)), this filtration splits as
The motive Gr j e N h num i (X) being a direct summand of h num (X), it is possible to write 2. In general the filtration N is seen to be finer than the filtration N , i.e.
for all i and j. The following proposition shows that conjecturally the filtration N coincides with the filtration N .
Proposition 2.5. Assume the Lefschetz conjecture holds for all smooth projective varieties. Then we have
Proof. The Lefschetz conjecture for a smooth projective variety Y of dimension e implies a version of the weak Lefschetz theorem : if ι : H ֒→ Y is a smooth hyperplane section of Y (which exists after possibly taking a finite extension of k) then the morphism ι * : 
Y ) is surjective (if Y satisfies the Lefschetz conjecture then so does H and thus it is possible to talk about weights for H). Indeed if L denotes the Lefschetz isomorphism
We have better results concerning the last step of the filtration.
Proposition 2.6. Assume C(X), then we have
for all i.
Proof. If i = 2k is even and Y is a smooth projective scheme of pure dimension k, then we know that there exists a smooth 0-dimensional scheme Y ′ and an isomorphism h 0 (Y )(k) ≃ h 2k (Y ). This isomorphism descends to numerical equivalence to give an isomorphism h num (Y ′ )(k) ≃ h num 2k (Y ) showing the proposition in the case i is even.
In the case i = 2k + 1 is odd and Y is a smooth projective scheme of pure dimension k + 1, Murre's construction of the Picard projector (see [29, 37] ) gives a smooth projective 1-dimensional scheme Y ′ with an isomorphism h 1 (Y ′ )(k) ≃ h 2k+1 (Y ) which descends to an isomorphism modulo numerical equivalence thus completing the proof of the proposition.
3. Since we are assuming C(X), this decomposition lifts to the homological motive of X (lemma 1.9)
In case the base field has characteristic zero, if we assume furthermore that B(X) holds, we will prove (theorem 4.7)
If we assume C(X) and moreover that h(X) is finite dimensional then this decomposition lifts to a refined Chow-Künneth decomposition
which is unique up to isomorphism.
Coniveau filtrations on homology vs. numerical motives
We prove that if homological and numerical equivalence agree then the filtration N defined on cohomology and the one defined for numerical motives are compatible. This result is quoted without proof in the discussion following 8.2.1.2 in [1] and is certainly known to the expert. Notice that, since D ⇒ B, under such assumption we always have N = N .
Given a homological motive M ∈ M hom (k), we writeM its image in M num (k). Proof. Since the category of motives modulo numerical equivalence is semi-simple, the morphismf decomposes as the sum of an invertible morphism and of the zero morphism, see [3, A.2.13]. Let's thus writē
where ϕ :M 1 →N is an isomorphism. Consider any lift g : N → M modulo homological equivalence for the morphism ϕ −1 ⊕ 0 :
where πN 1 denotes the projector onN 1 . Since End M hom (N ) = End Mnum (N ), this shows that f • g is a projector with image 
Proof. By the previous lemma, there exists a morphism g : M → N such that f • g is equal to the projector π N 1 . Applying the functor
In general by the previous lemma f : M → N decomposes as φ * * * :
where φ : M 1 → N 1 is an isomorphism and each * is a morphism which is numerically trivial. In the case Hom M hom (M, N ) = Hom Mnum (M ,N ), the * 's are zero hence concluding the proof.
As a corollary, we get Proposition 2.9. Let X be a smooth projective variety. Assume D(X × X). Then,
for all integers i and j and equality holds if conjecture D holds for all smooth projective varieties.
Proof. Let Y be a smooth projective scheme of dimension i − 2j and γ ∈ CH i−j (Y × X) Q be a correspondence such that
Because we are assuming D(X ×X), the conditions of the previous proposition are satisfied.
, and equality holds if conjecture D holds. Remark 2.10. We will see later that much more is true in characteristic zero for the filtration N on Betti cohomology. Assuming B(X) only, we will prove (see theorem 4.7)
The filtration N H
All this work started in an attempt to study a "motivic" Hodge decomposition for pure Chow motives. Of course, this is certainly not possible for the usual Hodge filtration as shown by Grothendieck [11] . Rather we used the Hodge coniveau filtration.
So, let k ⊂ C be an algebraically closed field and let X be a d-dimensional smooth projective variety. The filtration N H on the homology group H i (X, Q) canonically splits:
Assume now the Hodge conjecture to be true for all smooth projective complex varieties. Each projector H * (X, Q) ։ Gr
is then the homology class of an algebraic cycle on X × X. If X is assumed to be finite dimensional in the sense of Kimura then this decomposition lifts to the Chow motive of X, thus giving a desired decomposition.
In order to draw consequences on the geometry of X it is then natural to interpret geometrically the Hodge coniveau filtration. This is precisely the content of the generalized Hodge conjecture. Concretely, the filtration N is more appropriate than the usual coniveau filtration N since it brings into play the middle cohomology groups of some varieties and these are "self-dual".
If one is ready to admit the generalized Hodge conjecture, then most results presented here can be formulated with a unique filtration, the Hodge coniveau filtration. However, at least in the characteristic zero case, most of our results require only the Lefschetz conjecture to be true for the variety X considered (and finite dimensionality for X).
Some consequences of B(X)
Let k be an arbitrary field and X be a smooth projective variety over k satisfying the Künneth conjecture. Recall that the coniveau filtration N on h num i (X) splits canonically. Under B(X), it is proved [1, lemme 8.
1.2.3] that there is an isomorphism
If now k ⊂ C, we are going to show much stronger results under the assumption of B(X). We will prove that the coniveau filtration N on H i (X, Q) splits canonically (proposition 3.4) and that there is an isomorphism
induced by an algebraic correspondence on X.
The filtration N on numerical motives
Let k be any field. 
Proof. By Poincaré duality followed by the Lefschetz isomorphism, we have
Hence, if S is a simple summand of Gr If X is moreover supposed to have a finite dimensional Chow motive, the refined Künneth decomposition of h num (X) lifts to a refined CK decomposition of h(X). Under such assumptions, the kernel of the map End(h(X)) → End(h num (X)) is nilpotent and thus reflects the isomorphisms. Hence, the Lefschetz morphism (X, 
3). Assume B(X) and h(X) is finite dimensional. Given a smooth hyperplane section ι : Z ֒→ X the corresponding Lefschetz operator
L = ι * • ι * : h(X) → h(X)(1) induces an isomorphism h 2d−i (X) → h(X) L d−i −→ h(X)(d − i) → h i (X)(d − i) which itself induces an isomorphism (X, π 2d−i,d−i+j , 0) ≃ −→ (X, π i,j , d − i).
The filtration N on Betti cohomology
The field k is any subfield of C and H * is Betti cohomology. If X is a smooth projective variety of dimension d, the choice of a polarization L endows H i (X, Q) with a form Q i defined by
. If i and r are fixed integers, recall ( §1.2) that p i,r is the orthogonal projector H * (X, Q) → L r H i+2r (X, Q) prim → H * (X, Q) with respect to the form Q i on H i (X, Q) induced by L.
Lemma 3.3. Assume B(X). Then
Proof. Kleiman showed [22, theorem 4.1. (3)] that assuming B(X) the projectors p i,r are induced by algebraic correspondences 
and the form Q i restricts to a non degenerate form on each piece Gr j e N H i (X, Q).
Proposition 3.5. Assume B(X). Then for all i and j the pairing
Proof. Let ι : H ֒→ X be a smooth hyperplane section of X, let Γ ι be the graph of ι in
where the unions run over all smooth projective varieties Y of dimension ≤ i − 2j and all correspondences Γ
is invertible as a correspondence, the reverse inclusion holds, hence the equality on the graded pieces. Now, by lemmas 1.2 and 3.3, the form Q i restricted to Gr j e N H i (X, Q) is non degenerate. To conclude it remains to say that the form Q i is given on H i (X, Q) by
On the action of the refined CK projectorsπ i,j on Chow groups
Recall that the numerical motive of a smooth projective variety X over a field k satisfying the Künneth conjecture admits a refined Künneth decomposition h num
where each motive Gr j e N h num i (X) is isomorphic to a motive of the form (X,π num i,j , 0) for some projectorπ num i,j ∈ Z num d (X × X) Q . In the case the Chow motive h(X) is finite dimensional, these mutually orthogonal projectors lift to mutually orthogonal projectorsπ i,j and we wish to study the action of these projectors on the Chow groups CH l (X) Q of X.
Our method consists of first studying the support of these projectors. We have the following Similarly to the previous section, we first treat the case when the field k is arbitrary and consider the coniveau filtration N on the numerical motive of X. We then treat the case k ⊂ C and consider the coniveau filtration N on the cohomology of X. In this latter case, we obtain much more as we are able to work at the level of homological equivalence rather than numerical equivalence. The crucial input is the Hodge index theorem. The reader will notice the great similarities of the two approaches.
We conclude with some broad remarks about the conjectural link between the refined CK decomposition of the motive of X and expected BBM filtrations on the Chow groups of X.
On the support of the refined Künneth projectors : the general case
We work at the level of numerical motives. It is therefore more natural to consider the filtration N since it splits canonically. Let k be a field and let ℓ be a prime number different from the characteristic of k. Let X be a d-dimensional smooth projective variety over k and assume B(Y ) holds for all smooth projective varieties Y over k. The filtration N then coincides with the filtration N on numerical motives (proposition 2.5). As such, the filtration N splits canonically.
By definition of the filtration N , there exists a smooth projective scheme Z of pure dimension i−2j and a morphism γ ∈ Hom Mnum h num (Z)(j), h num i (X) such that Gr
Since the Lefschetz conjecture implies the Künneth conjecture, the formula in the lemma can be improved to Gr 
Proof. Thanks to [3, A.2.13] , the morphism f decomposes as the direct sum of an isomorphism and of the zero map. Precisely, f decomposes as
. Let then θ be the morphism
It is then clear that f 
Proof. Let's mention again that the assumption of conjecture B implies that the filtration N coincides with the filtration N on motives of the form h num i (X) for all X, see proposition 2.5.
Let Z be a smooth projective scheme of dimension i − 2j and let γ ∈ CH i−j (Z × X) Q be a correspondence such that
is surjective. The dual correspondence γ ∨ induces an injective morphism
Write L for the isomorphism
given by proposition 3.1. The assumptions of lemma 4.2 are fulfilled, yielding a morphism
such that the composition
is an isomorphism. Let ψ denote the inverse of ϕ.
We have the following commutative diagram
is numerically equivalent to a correspondence that factors through Z. As such,π num i,j is numerically equivalent to the cycle
where cl denotes the closure for the Zariski topology on X. The cycle Π i,j is supported on
On the support of the refined Künneth projectors :
the characteristic zero case.
In this section, we prove theorem 1. Let k be a subfield of the complex numbers C and let X be a d-dimensional smooth projective variety over k. The Weil cohomology theory is Betti cohomology. In the case X satisfies the Lefschetz conjecture, homological and numerical equivalence agree on X × X. Therefore the homological motive of X admits a refined Künneth decomposition for the filtration N :
withπ hom i,j simply equal toπ num i,j . By proposition 3.4, the coniveau filtration N on H i (X, Q) splits canonically. Still assuming B(X), we are going to prove that the projections H * (X) ։ Gr
are induced by algebraic correspondences. As a consequence, the projectorsπ hom i,j are unique (theorem 4.7).
The following lemma as well as its generalization (lemma 4.5) are essential. If H is a rational Hodge structure of weight i and Q(α, β) is a bilinear form on H, the associated hermitian form attached to Q is the hermitian form 
where H is identified with its dual H ∨ via the polarization Q it carries.
Proof. By linear algebra, we have dim Q H = dim Q Ker γ + dim Q Im t γ. Therefore, it is enough to prove that the subspace Ker γ ∩ Im t γ is zero. The subspace Ker γ ∩ Im t γ actually defines a subHodge structure of H and we claim that the pairing Q restricts to zero on this subspace. Indeed, let z and t γy be elements in Ker γ ∩ Im t γ. Then we have
By lemma 1.1, Ker γ ∩ Im t γ = {0} 
Assume that for all i, either
) defines a polarization on the Hodge structure H i (resp. H ′ i ). Denote by p r : H → H the orthogonal projector on H r and q s :
Proof. Since (p r ) * Im γ ⊂ Im γ for all r, we have Im γ = r (p r ) * Im γ = r Im p r • γ . It is thus enough to show the statement for p r • γ. In other words, we can and we will assume that the Hodge structure H is polarized. Let's then write γ = s γ • q s . Up to sign, the map γ • q s : H ′ s → H is then a morphism of Hodge structures which are polarized. By lemma 4.4 it satisfies Im γ • q s • t (γ • q s ) = Im (γ • q s ). Because the projectors q s are self-adjoint and mutually orthogonal, we have that
Theorem 4.6. Assume B(X). Then, the projector
Proof. By definition of the coniveau filtration N , let Z be a smooth projective scheme of pure dimension i − 2j and let γ ∈ CH i−j (Z × X) Q be a correspondence such that
Since we are assuming B(X), X satisfies the Künneth conjecture. Let π i ∈ Z hom d (X × X) denote the projector whose homology class is H * (X) ։ H i (X) ֒→ H * (X). Then, by considering π i • γ instead of γ, we can even assume that
Moreover, for weight reasons, γ acts as zero on H k (Z, Q) for k = i − 2j. The dual correspondence t γ then induces a morphism
which is assumed to be induced by an algebraic correspondence. Let Q be the bilinear form < −,
and there is an identification
Combining those, we get a correspondence Γ = γ • t γ • L ∈ CH d (X × X) Q which induces a morphism ϕ : H * (X, Q) → H * (X, Q) of rational Hodge structures which breaks up as follows when restricted to N j H i (X, Q) :
If H denotes the orthogonal complement of N j H i (X, Q) in H i (X, Q) for the bilinear form Q induced by L, then clearly ϕ |H = 0. Moreover, by lemma 3.3 the Hodge structure N j H i (X, Q) fulfills the assumptions of lemma 4.5. Therefore, we have Im (γ * ) = Im (γ * • t γ * ). Hence, ϕ induces an isomorphism of the finite dimensional Q-vector space N j H i (X, Q). By the theorem of Cayley-Hamilton, there exists a polynomial
). Let then Γ ′ be the correspondence P (Γ). The composition Γ ′ * • γ * • t γ * • L thus induces the identity on the rational Hodge structure N j H i (X, Q) and is zero on its orthogonal complement H.
In other words, we have the following commutative diagram
Therefore the correspondence Σ i,j := Γ ′ • γ • t γ • L has homology class the projector H * (X, Q) ։ N j H i (X, Q) ֒→ H * (X, Q) and factors through Z.
We now define Π
The correspondence Σ i,j acts on homology as the projector on N j H i (X, Q) and Σ i,j+1 acts on homology as the projector on
H i (X, Q) (recall that the filtration splits with respect to Q by proposition 3.4). Since correspondences respect the polarization, the correspondence Π hom i,j induces the projection H * (X, Q) ։ Gr
Theorem 4.7. Assume B(X). Then (X, Π hom i,j , 0) = (X,π hom i,j , 0) for all i and j. Moreover,
Proof. Recall that in characteristic zero B(X) implies D(X ×X). By proposition 2.9, we al-
). The previous theorem shows that ( Σ i,j ) * H * (X) = N j H i (X) and that Σ i,j factors through h hom (Z) for some smooth projective scheme Z of pure dimension i − 2j. Therefore, Im Σ num
faithful, (X, Σ i,j , 0) is equal to the homological motive (X, ⌊i/2⌋ k=jπ hom i,k , 0) for all i and j. Thus, we get the desired equality of motives (X, Π hom i,j , 0) = (X,π hom i,j , 0). Proof. By theorems 4.6 and 4.7, the projectorπ hom i,j : h hom (X) → h hom (X) factors through h hom (Z)(j) for some smooth projective scheme Z of pure dimension i − 2j. Let's writẽ
Let ∆ Z be the class of the diagonal in Z hom i−2j (Z × Z). Then,π hom i,j = ( t α, β) * ∆ Z . Let then Y j := cl ( t α) * Z and Z i−j := cl β * Z where cl denotes the closure for the Zariski topology on X. The cycleπ hom i,j is thus supported on Y j × Z i−j . It is easy to check that dim Y j = d − j and dim Z i−j = i − j.
The following proposition will be used in section 5. 
, we get that they are equal by faithfulness of the functor H * . Now, by lemma 1.9.1, this implies (X,π i,j , 0) = 0 for any choice of a liftπ i,j .
Main result
Let X be a smooth projective variety over k whose Chow motive is finite-dimensional. In this section either of the following holds
• k is a subfield of C and we assume B(X) holds, e.g. any abelian variety X over k.
• k is any field and we assume the Lefschetz conjecture B for all smooth projective varieties.
Under our assumptions, h num (X) admits a unique refined Künneth decomposition for the filtration N which lifts to a refined Chow-Künneth decomposition
which we fix once and for all (it is unique up to isomorphism). 
Proof. By theorems 4.3 and 4.8, the projectorπ i,j is numerically equivalent to a correspondence Π i,j supported on Y j × Z i−j . This correspondence Π i,j acts as 0 on CH l (X) Q for l < j or l > i − j for dimension reasons, that is Ker Π i,j = CH l (X) Q . Clearly, CH l (X) Q is stabilized by the action of any correspondence in CH d (X × X) Q . Therefore lemma 1.13 applies, giving Kerπ i,j ⊇ Ker Π i,j = CH l (X) Q for l < j or l > i − j.
In the remaining case (l = i − j and i < 2l),π i,j is numerically equivalent to a cycle Π i,j which is supported on X × Z with dim Z = l. Decompose Z as the sum of its irreducible components Z = Z α and decompose Π i,j accordingly, i.e. Π i,j = Π α with Π α supported on X × Z α . Then, if c ∈ CH l (X) Q , we have the formula
where p 1 is the projection X × X → X on the first factor. Moreover,π num i,j acts trivially on Z num l (X). Therefore, Π i,j sends CH l (X) Q to CH l (X) num,Q . Let c be a numerically trivial l-cycle. Then by the above formula ( Π i,j ) * c = 0. Hence,
Let X be a complex smooth projective variety such that B(X) holds and h(X) is finite dimensional. The diagram below represents which graded pieces for the coniveau filtration N of the rational singular cohomology of X don't induce a "motivic" action on CH l (X) Q . A star with coordinates (i, j) (0 ≤ j ≤ i) indicates that Gr j e N H i+j (X, Q) does not induce a "motivic" action on CH l (X) Q . 0 1 l d 0 * * * * * 1 * * * * * * * * * * * * * * * * * * * * l * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * d * * * * * * * If moreover the generalized Hodge conjecture holds, then a star with coordinates (i, j) indicates that the graded piece Gr j N H H i+j (X, Q) of the cohomology of X does not "control" the rational Chow group CH l (X) Q . As a partial converse, the result of Lewis and Schoen mentioned earlier shows that if Gr
Remark 4.11. As a consequence of theorem 4.10, we see that for X a smooth projective variety over a subfield of C, if B(X) holds and h(X) is finite dimensional theñ π 2l,l andπ 2l+1,l act only on
Remark 4.12. In [15] (Remark 5.9(a)), Jannsen asks if the CK projectors π i can be chosen to be supported on X × W with W a subvariety of X of dimension i (this question was also raised by Murre [30] ). This question was answered under the assumption of B(X) and finite dimensionality for h(X) in theorem 7.7.4 of [19] . Here, we do not prove that X admits a refined Chow-Künneth decomposition {π i,j } with eachπ i,j supported on Y ×Z for some subvarieties Y and Z with dim Y = d − j and dim Z = i − j. Rather, we prove under B(X) and finite dimensionality for h(X) that eachπ i,j is homologous to a correspondence Π i,j which is supported on Y × Z for some subvarieties Y and Z with dim Y = d − j and dim Z = i − j. 
The finite dimensionality assumption for h(X) allows to prove that the above kernels do not depend on the choice of a liftπ i,⌊i/2⌋ for the projectorπ hom i,⌊i/2⌋ . Proposition 4.18. Let X be a smooth projective variety over k whose Chow motive is finite dimensional. Then, if B(X) holds, we have
Proof. By theorem 4.17, CH i (X) hom,Q = Ker Π 2i,i : CH i (X) Q → CH i (X) Q . The group CH i (X) hom,Q is stabilized by the action of correspondences in CH d (X × X) Q . Therefore, by lemma 1.14, Ker π 2i,i = Ker Π 2i,i , where both projectors act on CH i (X) Q .
Remark 4.19. Murre proved that Ker (π 2i ) ⊆ CH i (X) num,Q in [29] and conjectures that there should be equality, cf. part (D) of conjecture 1.12. By the above corollary, the reverse inclusion amounts then to proving that the projectorsπ 2i,j act as zero on CH i (X) Q for j = i. 
Proof. The projectors π 2i+1,i and Π 2i+1,i are homologous projectors. By lemma 1.14, it is thus enough to see that Ker AJ i : CH i (X) alg,Q → J a i (X)⊗Q = Ker Π 2i+1,i is stabilized by the action of correspondences in CH d (X × X) Q . This is indeed the case by functoriality of the algebraic Abel-Jacobi map with respect to the action of correspondences.
A few remarks
Assume k = C for convenience and let X be a smooth projective complex variety such that B(X) holds and whose Chow motive is finite dimensional.
The structure of codimension one cycles is well-understood. Indeed, we have the isomorphism CH 1 (X) ≃ Pic(X). The group Pic(X) decomposes as the product of the NeronSeveri group NS 1 (X) of X and of the Picard variety attached to X :
This decomposition reflects the decomposition
The fact that we have a complete description of CH 1 (X) immediately tells us that the refined Chow-Künneth projectors π i,j -if they exist -act as zero on CH 1 (X) it either i < 2d − 2, or i = 2d − 2 and j = d − 2. In particular, Murre's conjecture holds for codimension 1 cycles.
Is it possible to prove that if h(X) is finite dimensional and B(X) holds then X satisfies Murre's conjecture 1.12? It is proved (see e.g lemma 1.9) that under such assumptions condition (A) holds. By remark 1.15, condition (C) boils down to proving that each step of the filtration defines an equivalence relations on cycles for any choice of CK projectors. Concerning the vanishing conjectures, we proved that the Chow-Künneth projectors π i act trivially on CH l (X) Q for i > dim X + l and for i ≤ l. Therefore, in order to get fully condition (B) it remains to prove that π i acts trivially on CH l (X) Q for l < i < 2l. However, most importantly, we do not get condition (D) as a consequence of B(X) and finite dimensionality for h(X). Indeed, this would require to prove that the projectorsπ 2l,j act trivially on CH l (X) Q for j < l (see remark 4.19). To my knowledge, the only general case when we are able to prove this is for codimension one cycles. Unfortunately, I am not aware of any direct proof and we are only able to prove it because we have an explicit description of the Chow group of codimension one cycles.
So, in weight 2l, conjecturally the only refined CK projector acting non-trivially on CH l (X) Q is π 2l,l . Can we expect likewise that the only refined CK projectors in weight 2l + 1 acting non trivially on CH l (X) hom,Q are thoseπ 2l+1,j for j large enough, i.e. close to l? In other words, is it only the groups Gr j N H 2l+1 (X, Q) for j close to l that "control" CH l (X) Q ? The answer cannot be affirmative in general. Indeed, Griffiths showed that for a general quintic hypersurface X ⊂ P 4 the Abel-Jacobi map AJ 1 : CH 1 (X) Q → J 1 (X)⊗Q has non trivial image even though J alg 1 (X) = 0. Moreover, Nori [31] introduced the following increasing filtration on CH l (X) hom :
where A r CH l (X) is defined to be the subgroup of CH l (X) generated by cycles of the form Γ * z, where Γ is any correspondence in CH d−l+r (Y × X) for any smooth projective Y and z is any cycle in CH r (Y ) hom . If J r l (X) denotes the r th graded part under the Hodge coniveau filtration of the intermediate Jacobian J l (X), Nori showed that a cycle ξ in A r CH l (X) is mapped into J l−r l (X) via the Abel-Jacobi map. As such, the Abel-Jacobi map AJ l : CH l (X) hom → J l (X) induces a homomorphism Gr 
A few words about what is expected for codimension two cycles. In this case, it is known thanks to Merkurjev-Suslin [27] that Griff 2 (X) tors injects into the intermediate Jacobian via the Abel-Jacobi map. Nori conjectured that the whole group Griff 2 (X) should inject in the Jacobian, in which case (π 2d−2,d−2 ) * CH 2 (X) ⊂ CH 2 (X) alg which is compatible with a result of Jannsen [16] who proves it under the assumptions of the BBM conjectures and B(X).
As a generalization of the above conjectures, we are led to ask if Nori's filtration is linked to the coniveau filtration.
Questions. Do we have
In other words is CH l (X) alg,Q controlled by Gr 
Some applications
In this section, we fix once and for all a smooth projective variety of dimension d over an algebraically closed subfield k of C whose Chow motive h(X) is finite dimensional (we write FD(X)) and for which the Lefschetz conjecture B(X) holds.
Moreover, in order to avoid unwieldy statements we set the following Definition 5.1. The coniveau number g i,j (X) of X is equal to dim Q Gr j e N H i (X, Q).
In particular, fixing i, if the coniveau numbers g i,j (X) vanish for j = 0 up to k − 1 then H i (X) = N k H i (X). Because N ⊆ N , the cohomology group H i (X) is then supported in dimension i−k. Consequently, because N ⊂ N H , the Hodge numbers h 0,i (X), . . . , h i−k,k (X) vanish. If the generalized Hodge conjecture holds for all varieties then this last condition on the Hodge numbers is equivalent to H i (X) = N k H i (X).
Finite dimensionality and support of the Chow groups
0-cycles. Roitman [33] first proved that given a smooth projective complex variety X, if CH 0 (X) hom is representable then H 0 (X, Ω q X ) = 0 for all q > 1. This was generalized by Bloch and Srinivas [6] who proved, using a decomposition of the diagonal, that if CH 0 (X) Q is supported in dimension i (i.e. there exists a closed subscheme Z of X of dimension i such that the map CH 0 (Z) Q → CH 0 (X) Q induced by the inclusion of Z inside X is surjective), then H 0 (X, Ω q X ) = 0 for all q > i. We give here a conditional converse statement. This gives a proof of conjecture 3.3 of [15] under B(X) and finite dimensionality for X, which is a slight improvement since Jannsen proves it under the validity of the standard conjectures and the BBM conjectures (these two conjectures imply Kimura's conjecture by [3] ). By theorem 1, each projectorπ k,0 is equal to Π k,0 + c k,0 for some correspondences Π k,0 and c k,0 in CH d (X × X) Q such that Π k,0 is supported on X × Z for some closed subscheme Z of X of dimension at most k and such that c k,0 is homologically trivial. Using the fact that the correspondence ∆ X ∈ CH d (X × X) Q acts as identity on CH 0 (X) Q , we get Each of the correspondences c k,0 is homologically trivial. It is a fact that for X Kimura finite dimensional, the ideal I of homologically trivial correspondences is nilpotent (and not just a nil-ideal, cf. [20, 17, 2] ). Therefore, for N large enough (for example the nilpotent index of I), we see by expanding out that each term in the expression ( Π 0,0 + . . . + Π i,0 ) + (c 0,0 + . . . + c i,0 )
•N written down as a sum involves one of the Π k,0 , i.e. is of the form A • Π k,0 • B for some integer k and some correspondences A and B in CH d (X × X) Q . Now each Π k,0 is supported on X × Z for some closed subscheme Z of X of dimension at most k. It is not too difficult to see that A • Π k,0 • B is then supported on X × Z ′ for some closed subscheme Z ′ of X of dimension at most k. This concludes the proof.
Remark 5.3. If X is a surface, B(X) holds unconditionally. Moreover if X has vanishing geometric genus p g := h 2,0 , clearly H 2 (X) is supported in codimension one and H 2 (X) = N 1 H 2 (X). Therefore, we recover the following unconditional result due to Guletskii and Pedrini [12] : if X is a surface with p g = 0 whose Chow motive is finite dimensional then the Bloch conjecture is true for X. In the cases i = 0 and i = 1, proposition 5.2 holds integrally and the Chow group of 0-cycles of X can be computed explicitly. Proof. This is a refinement of a result of Voisin [43, theorem 3] . The projector π 0 can be chosen to be X × x for a 0-cycle x of X of degree 1. By proposition 4.9 and theorem 4.10, we have the equality CH 0 (X) Q = (π 0 ) * CH 0 (X) Q = Q.
Moreover, CH 0 (X) has no torsion because the Albanese map CH 0 (X) hom → Alb X is an isomorphism on the torsion by a famous result of Roitman [34] , cf. also [5] . By the fact that π 0 = X × {x} and by Murre's description of π 1 , we get that the AbelJacobi map CH 0 (X) hom,Q = Ker (π 0 ) * : CH 0 (X) Q → CH 0 (X) Q → Alb X is injective and induced by the correspondence π 1 . Therefore, CH 0 (X) hom,Q is representable and the rational Deligne class map cl D 0 : CH 0 (X) Q → H D 0 (X, Q) is injective. By a result of Esnault and Levine [9] , it is an isomorphism. The integral statement follows by Roitman's theorem stating that the Albanese map is an isomorphism on the torsion. m-cycles. Lewis and Schoen proved independently the following (see [24] and [36] ) The statement below, when considered in the case i = 1, gives a partial converse for varieties X finite dimensional in the sense of Kimura. Proof. Under the assumptions on the coniveau numbers, CH m (X) Q = (π 2m,m +π 2m+1,m + . . . +π 2m+i,m ) * CH m (X) Q . We now proceed as in the proof of proposition 5.2.
Remark 5.9. One could think that the extra condition g p,q (X) = 0 for q > m and p + q ≤ 2m might force, by symmetry of the Hodge diamond, the vanishing of some g m,m+k (X) for some k ≤ i. It can be checked that this is not the case. is injective. Moreover, CH p (X) alg is rationally representable.
Injectivity and surjectivity of some cycle class maps
Proof. By the assumptions made on the coniveau numbers of X, it appears that the only refined CK projectors acting possibly non-trivially on CH p (X) Q areπ 2p,p andπ 2p+1,p . Therefore, CH p (X) Q = π 2p,p +π 2p+1,p * CH p (X) Q .
Together with propositions 4.18 and 4.20, this shows that algebraic equivalence and homological equivalence agree rationally on p-cycles on X and that π 2p+1,p : CH p (X) hom,Q = CH p (X) alg,Q → J p (X) ⊗ Q is injective. Consequently the rational Deligne cycle class map cl D p : CH p (X) Q → H D 2p (X, Q(p)) is injective thanks to the description of Deligne cohomology as an extension of the intermediate Jacobian with the Hodge classes. The fact that CH p (X) alg is rationally representable is then standard. 
